We discuss the renormalization of different definitions of quark masses in the Wilson and the tree-level improved SW-Clover fermionic action. For the improved case we give the correct relationship between the quark mass and the hopping parameter. Using perturbative and non-perturbative renormalization constants, we extract quark masses in the M S scheme from Lattice QCD in the quenched approximation at β = 6.0, β = 6.2 and β = 6.4 for both actions. We find: m M S (2GeV) = 5.7±0.1±0.8 MeV, m M S s (2GeV) = 130 ± 2 ± 18 MeV and m M S c (2GeV) = 1662 ± 30 ± 230 MeV.
Introduction
Quark masses are among the least known fundamental parameters of the Standard Model. Due to confinement, they cannot be measured directly and our knowledge of these quantities relies on techniques like Chiral perturbation theory (ChPT) [1] , QCD Sum Rules (QCDSR) [2] - [5] and Lattice QCD (LQCD) [6] - [12] . ChPT gives rather precise determinations of ratios of quark masses while QCDSR and LQCD determine their absolute values. Moreover LQCD does not require model parameters or ad-hoc assumptions. Each technique suffers from different sources of errors that should be carefully studied. In the most recent LQCD simulations the main errors are due to the quenched approximation (i), the reach of the continuum limit (ii) and a correct matching of the lattice quantities to the continuum ones (iii). In this paper we try to overcome as much as possible the last problem. We define quark masses through the Vector and Axial Vector Ward Identities and discuss the renormalization procedure. We compute light, strange and charm quark masses with perturbative (PT) and non-perturbative (NP) renormalization constants (RC). We also try to estimate the remaining overall systematic uncertainty, mainly due to (i) and (ii), comparing the chiral behaviour of the pseudoscalar and vector meson masses with the experimental ones.
The main result of this paper is a new measurement of the quark masses which we believe to be more reliable than previous ones.
The paper is organized as follows. In section 2 we discuss the theoretical definitions of lattice quark masses and the renormalization procedures. In section 3 we relate lattice quantities to the continuum ones and we review the NP renormalization of bilinear operators. In section 4 we give the details of the lattices used to extract masses and matrix elements. In section 5 we report our results on quark masses in the MS-scheme and finally we give our conclusions.
Quark Masses
The usual on-shell mass definition cannot be used for quarks since they do not appear as physical states. Thus the values of the quark masses depend on the definition adopted. In the following we will give results for quark masses in the MS scheme.
The quark mass can be defined by the perturbative expansion of the quark propagator renormalized at a scale µ. This is equivalent to the definition from the renormalized Vector and Axial Ward Identities, which can be used to give a fully non-perturbative determination of the quark mass.
Quark masses from the Vector Ward Identity
Quark masses can be defined from the Vector Ward Identity (VWI). We first consider the Wilson formulation and then describe the Clover Improved case. The renormalized Vector Ward Identity between on-shell hadronic states, neglecting terms of O(a), can be written as [13] α|∂ µṼ a
where k i is the hopping parameter of i-th quark,Ṽ is the conserved vector current on the lattice for which ZṼ = 1, S a is the renormalized scalar density and Z S is its renormalization constant.
On the lattice the ratio of the vector and scalar matrix elements could be used to determine quark masses. Unfortunately the Scalar matrix element turns out to be extremely noisy, preventing any reliable analysis. We then determine the bare lattice quark mass m i from lattice simulations by fixing the mass of a hadron containing a quark with the same flavour to its experimental value. For the pseudoscalar and vector meson masses as a function of quark masses, ChPT gives
where, on the lattice,
and k c is the critical value of the hopping parameter.
Both equations (2) and (3) can be used to extract the bare lattice quark mass of a given flavour but, of course, the systematic errors will be different. Eq.
(1) shows that the quark mass, defined in (4), renormalizes with Z −1 S = Z m . This is the so called "spectroscopy method".
In the Improved case eq. (1) will be more complicate as other terms will appear due to our use of "D / -rotated operators". We may write an improved version of eq. (1), defining improved bilinear operators as in ref. [14] 
where r is the Wilson parameter, that corresponds to unrotated fermion fields, obtaining
However, one should note that the combination of scalar densities in the right hand side of eq. (6) differs from S Ia (x) for higher orders in a. From eqs. (5)- (6) and the fact that the Clover Improved action has only O(ag 2 ), we obtain that the mass m
Each of these steps is necessary to consistently take into account O(a) terms. This procedure can be straightforwardly applied to the perturbative case using RC's that do not contain the field rotation contribution [14] , but not in the non perturbative one as, for historical reasons, we have computed RC's with "rotated fields".
Quark masses from the Axial Ward Identity
In this section we will describe the definition of the mass from the Axial Ward Identity (AWI). As for the VWI case we first consider the Wilson formulation and then describe the Clover Improved case. Close to the chiral limit and neglecting terms of O(a), the Axial Ward Identity can be written as [13] 
where Z A and Z P are the RC's of the axial current and pseudoscalar density and m i , defined in [13] , in the chiral limit, is the critical value of the quark mass.
To extract quark masses using eq. (8), we define the ratio of matrix elements
where P S is a pseudoscalar meson, which renormalizes with Z A /Z P . For the Clover improved case the eq. (8) becomes
Also in this case the symmetric combination of pseudoscalar densities in the right hand side of eq. (10) differs from P Ia (x) for higher orders in a that have already been neglected in eq. (8).
Renormalization of quark masses
To connect the "bare" lattice quark mass to the continuum renormalized m M S (µ), one can determine RC's in perturbation theory or non perturbatively.
The perturbative approach
In the perturbative approach one uses lattice and continuum perturbation theory at the next-to-leading order (NLO).
For the VWI definition, we have
where
and N being the number of colours. ∆ S and ∆ Σ , reported in table 1, have been computed in ref. [14, 16] and
) (13) with
In the improved case, as discussed before, ∆ S in eq. (12) should not include the contribution due to the rotation of the fields.
Analogously, for the AWI method, we have
Also ∆ A and ∆ P are reported in table 1.
The non-perturbative approach
At scales a −1 ≃ 2−4 GeV, where a is the lattice spacing, of our simulations, we expect small NP effects on the renormalization constants of bilinear operators. However "tadpole" diagrams [17] , which are present in lattice perturbation theory, can give rise to large corrections and then to large uncertainties in the matching procedure at values of β = 6/g 2 L = 6.0 − 6.4. These problems are avoided using NP renormalization techniques [18, 19] . While the NP procedure is a tradeoff between higher order corrections and lattice artifacts, which we shall study in [20] , we believe that the NP determinations of RC's are more reliable.
We shortly review the NP method for the RC's which enter the determination of the quark masses. For the full discussion of the method, the results obtained and their systematics we refer to a forthcoming paper [20] .
Let us consider a quark bilinear O Γ = qΓq, where Γ is a Dirac matrix. In this work we will consider the scalar and pseudoscalar densities and the Axial Vector current.
The renormalization conditions are imposed on the amputated Green functions computed between off-shell quark states of momentum p in the Landau gauge
where G O (pa) and S q (pa) are the non-amputated Green functions and quark propagator, calculated non-perturbatively via Monte Carlo simulations [18] . Possible effects from Gribov copies or spurious solutions [21] have not been
where I P O is a suitable projector on the tree-level amputated Green function (normalized to 1) [18] and Z q is the wave function RC which can be defined in different ways [18] . From the Ward Identities
To avoid derivatives with respect to a discrete variable, we have used
which, in the Landau Gauge, differs from Z q by a finite term of order α For this procedure to be reliable µ must satisfy the condition µ ≪ 1/a to avoid discretization errors but also µ ≫ Λ QCD to avoid non-perturbative effects or higher order corrections in the continuum perturbative expansion. The quark mass in the MS scheme is then defined as
where [18] 
and for m RI (µ ′ ) we get
for the Vector and Axial Vector WI respectively. As both the RI and the MS respect chirality we have
This discussion applies immediately to the unquenched case [22] .
Details of the analysis
In this section we describe the extraction of meson masses, matrix elements and lattice quark masses from the two point correlation functions and the interpolation/extrapolation of the results in the heavy and light quark masses to the physical points. We also try to estimate the overall systematic errors on the lattice quark masses.
Lattice details
In this work we have used various lattices that have been generated by the APE group in the last years. Tables 2 and 3 show the parameters of the lattices that we have analyzed. A more detailed discussion of lattice calibration and spectroscopy can be found in [7] for the light quark systems and in [23] for the heavy-light ones. Here we will just summarize the most important points.
Meson masses and axial-pseudoscalar matrix elements have been extracted from two-point correlation functions in the standard way from the following propagators
and
We fit the zero-momentum correlation functions in eqs. (25) and (26) to a single particle propagator
in the time intervals reported in tables 2 and 3. In (27), T represents the lattice time extension, the subscripts P S and V stand for pseudoscalar and vector mesons. To improve stability, the meson (axial-pseudoscalar) correlation functions have been symmetrized (anti-symmetrized) around t = T /2. The time intervals for the fits are chosen with the following criteria: we fix Table 2 Summary of the parameters of the runs with the SW-Clover fermion action analyzed in this work.
the lower limit of the interval as the one at which there is a stabilization of the effective mass, and, as the upper limit, the furthest possible point before the error overwhelms the signal. The errors have been estimated by a jacknife procedure, blocking the data in groups of 10 configurations and we have checked that there are no relevant changes in the error estimate by blocking groups of configurations of different size. We extract ρ a from the ratio
at zero spatial momentum. At large time separations, we fit the ratio G 05 (t)/G 55 (t) and we get in a t region where the signal stabilizes. The hyperbolic sine comes from the discrete symmetric derivative. Tables 2 and 3 also contain the values of the lattice spacing a extracted from the K * mass with the "lattice physical plane" (lp-plane) method [7] .
We have also performed dedicated runs at β = 6.0, 6. 
Extraction of raw results for light and strange quarks
Once the hadronic correlation functions have been fitted, and the lattice masses and matrix elements extracted, we have to perform a number of interpolations/extrapolations to extract physical quantities. We extract light and strange quark masses from the meson spectroscopy and from the Axial Ward Identity with three different methods:
2 ] (lp-plane [7] ) and, assuming that only linear terms are important, we determine the lattice values (M K a) and (M K * a) imposing that M V /M P S coincides with the experimental value C sl = M K * /M K [24] . Comparing M K * a with its experimental value we extract the lattice spacing reported in tables 2 and 3. Using relations (2) and (4) 
where m = (m u + m d )/2, we obtain
The lattice strange quark mass obtained with (31) for all lattices are reported in table 6 . This procedure determines the light and strange quark masses without any chiral extrapolation of the lattice data. a −1 , M K a and C are extracted from the "strange mass region" where our simulations are performed. The critical value of the hopping parameter k c does not enter the determination of the quark masses. Likewise, for the Axial Ward Identity we define the plane [ρ a, (M P S a) 2 ], where ρ is defined in the equation (29), and we obtain
The values of ρ s for all lattices are reported in table 7.
2 ], we determine (M K a) and (M K * a) as in (1) and (M π a) and (M ρ a) imposing that M V /M P S coincides with the experimental value C ll = M ρ /M π . Using (2) and (4) we obtain
The lattice light quark masses obtained with (35) for all lattices are reported in table 6. For the Axial Ward Identity we define the plane [ρa, (M P S a) 2 ] and we obtain
The values of ρ for all lattices are reported in table 7. (3) Using eqs. (3), (4) and the lattice spacing determined as in (1) we compare (M φ a) to its experimental value and we obtain
From (4) and (38) we determine k s and then we use
to determine ρ s .
The three methods (1), (2) and (3) described above should give consistent values for m, m s , ρ and ρ s , apart from discretization errors and quenching effects. It is well known [7, 10] that the strange quark mass obtained from M φ (3) is systematically higher than the value obtained from M K (1).
The ratio of the strange quark masses obtained with different methods is connected to experimental quantities. From (2) and (3) we get
where D · C = B. A and D can be measured fitting linearly the experimental data on the meson masses [24] . To compare lattice data with experimental measurements we prefer to use two equivalent dimensionless quantities
In table 5 we report the experimental values and the lattice predictions we have obtained for J and L. One can see that J has quite large fluctuations and is also quite far from the experimental value. It has been argued [25] that this may be mainly due to the quenching approximation.
The ratio of the quark masses obtained with different methods is only function of J and L and experimental ratios. In particular the ratio of the strange quark mass obtained with (1) and (3) is
where C sl and M Φ /M * K are experimental ratios and R is defined in eq. (30). In Table 5 we report the experimental value for R Exp ms and the values we have obtained for our lattices. We then take the difference R Exp ms −R Lat ms as an estimate of the overall systematic error on the strange quark mass. This error should essentially take into account both the quenching approximation and the O(a) effects that we cannot a priori estimate. It is very unlikely that the difference between the lattice value of R ms and the experimental one, be only due to O(a) effects and then disappear after an extrapolation to zero lattice spacing [10] . 
Extraction of raw results for the charm quark mass
In order to obtain the charm quark mass we have to extrapolate the meson masses and the matrix elements both in the heavy and light quark masses. It is clear that in this case O(ma) effects will be much more relevant than for the strange and light quarks. We use two different methods:
(1) We first interpolate/extrapolate linearly the heavy-light pseudoscalar meson masses in the light quark mass to m s extracted from (31). We then determine the charm quark mass by fixing the D s -meson mass to its physical value and using the equation (4) . The lattice charm quark masses obtained in this way for all lattices are reported in table 6. For the Axial Ward Identity ρ c is given by
with ρ s defined in eq. (33). The values obtained for all lattices are reported in table 7. (2) As in (1) but we determine the value of the charm quark mass by fixing the D * s -meson mass to its physical value.
As for the light quark masses, the two methods described above should give consistent results for m c and ρ c , apart from discretization errors and quenching effects. We shall use the spread between the two determinations as an estimate of the overall systematic error.
On the basis of the discussion of previous sections, we now present the final results. From the lattice data of the left columns of tables 6 and 7, we obtain the PT and NP MS results reported in the same tables.
The errors of the PT results contain both the statistical error and the uncertainty in the RC's coming from the spread due to different definitions of the strong coupling constant. The NP results contain only the statistical error on the matrix elements and renormalization constants. The AWI results are shown in figs. 1-4.
In the spectroscopy case we find a reasonable agreement between the NP and PT results that turn out to be compatible with previous determinations [6, 7, 10] . This is not the case for the AWI where the PT results are lower than the NP ones by more than two standard deviations. In our opinion this confirms that the perturbation theory fails in the determination of the pseudoscalar RC. On the other hand the NP results for different actions and methods are in very good agreement among them.
As far as the a dependence is concerned, for β = 6.0 and 6.2 the data are definitely stable, within the errors, for all methods. At β = 6.4 the data apparently show a slight decrease. Due to the small physical volume at this β value and the fact that this effect is present both in the Wilson and the Clover case we believe that one cannot disentangle volume and O(a) effects in this lattice and we will not take into account in any further result. With our present data an extrapolation in a is then out of reach.
The charm quark results appear to be quite more noisy than the light and strange ones. This supports the fact that at large masses order am contaminations are important.
To obtain final results, we average the non perturbative AWI results at β = 6.0 and 6.2 as independent ones. For the strange and charm quark, we also take into account the overall systematic error which we evaluate from the spread in the quark masses extracted from different mesons as described in sec. 4. This error is also propagated to the light quark using eq. (32) and is the second one in eq. (44).
From NP renormalized AWI we obtain our final results
which are reported in the abstract. Table 6 Lattice quark masses and the corresponding M S values in MeV at NLO from the pseudoscalar meson spectroscopy and a −1 from M K * . M S masses are at a scale µ = 2 GeV.
Conclusions
We have discussed the quark mass renormalization. We have calculated the quark masses from the meson spectroscopy and from the Axial Ward Identity using different sets of quenched data with β = 6.0, 6.2 and 6.4 and using the Wilson and the "improved" SW-Clover action. The data at β = 6.4 have been used only for an exploratory study as the physical volume and the time extension of the lattice may be too small to be reliable. Perturbation theory appears to fail giving inconsistent results for the two methods. The results for independent NP methods are well consistent and stable strongly supporting the reliability of our final results reported in the abstract. In the β range that we have considered and with our statistics, we do not believe that one can safely extrapolate to the continuum limit both for the Wilson and the SW-Clover action. Table 7 Lattice quark masses and the corresponding M S values at NLO, in MeV from the Axial Ward Identity and a −1 from M K * . M S masses are at a scale µ = 2 GeV. 
